ABSTRACT. We establish the uniqueness and existence theorems for a linear and a nonlinear fourth-order boundary value problem at nonresonance.
Introduction.
Fourth-order two-point boundary value problems are essential in describing a vast class of elastic deflection. Usmani [4] studied the problem (d4/dx4-f(x))y = g(x), 0<x.<l, 1/(0) = 00, y(i) = yi, y"(0) = y0, y"{l) = yl.
He proved a uniqueness and existence theorem under condition sup \f(x)\ < it4. (In his paper [4] , the condition is stated in a weaker form sup/(x) < 7r4, however, his proof is valid only for sup|/(a:)| < w4 [5] .) Attempts have been made to establish the existence for the following general nonlinear problem d4y/dx4 = f(x,y,y"), 0 < x < 1, 2/(0) = 2/o, 2/(1) =l/i, l/"(0) = y0, y"(l)=Vi-For example, Aftabizadeh [1] proved an existence theorem under the severe condition that / is a bounded function. In the present paper we study the above problems under more general conditions.
The nonlinear problem.
In this section we establish the following general result for problem (2) .
THEOREM l. Suppose that f(x, y, u) is continuous on [0,1] x R x R and there are constants a, b, c > 0 such that (3) \f(x,y,u)\ < a\y\ + b\u\ + c, where a/n4+b/ir2 < 1.
Then for any yo, yi, y~o> Vi G R, problem (2) has a solution.
We will give examples to show that condition (3) is sharp. The proof is carried out using the Leray-Schauder degree theory [2, 3] , but first a lemma is proved concerning a priori estimates for solutions of the problems d4y/dx4 = tf(x,y,y"), 0 < x < 1, 
Here g depends on t and satisfies (6) |g(z,2,u)| < a|z| + &|u| + ci with a, b satisfying (3) and constant Ci depending on c in (3) and w(x). Set u = z". We have the following coupled problems
From (5') we have zz" = zu, and, by first using the Schwarz inequality and then the Poincare inequality,
From (5") we have uu" = ug(x, z, u), and, by using the Schwarz inequality, inequality 2AB < eA2 + B2/e, and the condition (6) for g, we have
From the Poincaré inequality and (7) we have
Since a, b satisfy (3), we can choose e > 0 sufficiently small such that 1 -(a/7T4 + 6/tt2 + e/27T2) = K > 0.
Then it follows from (9) that do) ¡\ur<A. = ei and consequently from (7) and (10) that
In particular, (10) and (11) where T((u,y) and T"(u,y) are defined by the right-hand sides of (14') and (14") respectively. To prove that problem (2) has a C4-solution, we have only to show that Ti has a fixed point in X. Using the Arzela-Ascoli lemma we easily see that {Tt : t G [0,1]} is a compact operator family from X to X. Consider a ball Bm in space X: BM = {(u,y)GX: \\(u,y)\\ < M + 1}.
Estimate (4) says that Tt has no fixed point on 3Bm-Let Id: X -> X be the identity map, then Id-Tt has no zero on dB m ■ Thus by the homotopy invariance of the Leray-Schauder degree, we have by using 7o = 0 that deg(Id-Ti,ßM,0) = deg(Id-Tt,P,M,0) =deg(Id-To,ßM,0) = deg(Id,ßM,0) = 1.
Consequently, Ti has a fixed point in Bm-The theorem is proved.
Note. A uniqueness theorem can also be obtained if we assume that / satisfies a Lipschitz condition in y and u with constants a, b satisfying (3). The argument is similar to the proof of the above lemma.
EXAMPLES. If y0 + yi -(y0 + Vi)/*2 Ï 0, problem (2) with f(x, y, y") = n4y has no solution. And if y0 + y~i ^ 0, problem (2) with f(x,y,y") = -ir2y" has no solution.
The above two examples show that condition (3) is sharp.
The linear problem.
Here we study the unique solvability of the linear problem (1). We prove the following general uniqueness and existence theorem which exhausts all nonresonant cases. or for some integer j > 0 there are constants p and q such that (24) j47T4 < p < inff(x) < sup/(x) < q < (j + 1)4tt4.
Using (19), (20) and (22) we easily conclude that we can choose A; according to / satisfying (23) or (24) to make \\K\\ < 1. Consequently K has only one fixed point in the space L2[0,1] which is y = 0. This proves problem (21), hence problem (17) has only the trivial solution y = 0. The proof of theorem is complete. Note. Since sin(,7'7rx) is a nontrivial solution of problem (17) with f(x) = j4tr4, the theorem obtained above exhausts all nonresonant cases and is sharp in a general sense.
